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ON TRANSPORT PROPERTIES OF ISOTROPIC QUASIPERIODIC XY 

SPIN CHAINS 

ILYA KACHKOVSKIY 


Abstract. We consider isotropic XY spin chains whose magnetic potentials are quasiperiodic 
and the effective one-particle Hamiltonians have absolutely continuous spectra. For a wide class 
of such XY spin chains, we obtain lower bounds on their Lieb-Robinson velocities in terms of 
group velocities of their effective Hamiltonians: 

2 dE 

0 ^ ess sup —-—, 

[o,i] tt dN 

where E is considered as a function of the integrated density of states. 


1. Introduction 


An XY spin chain is one of the most well understood models in many-body quantum physics. 
We will only consider isotropic XY spin chains. For an integer interval A = [m, n] C Z, define 
the Hamiltonian as 

n n 

' + a K+i) - H u i a h 

j=m j=m 

It acts in the state space 

0 A := <S>r =m C 2 =: 

where &j is the single site state space identified with C 2 , and the matrices a x,y ’ z are the standard 
Pauli matrices 

, = (l 0 
i or vo —i 


x ,0 1\ v / 0 — i 
a ~ * 1 0 ) ’ a 


acting at the respective sites, so that 


<j x ’ y ’ z = J&U- 1 ) <g) a x ’V’ z (g) 

Finally {vj}jeA is a sequence of real numbers which is the magnetic potential. 

There have been several interesting developments regarding transport properties in this 
model. The most well known and simple one is the Lieb-Robinson bound. If S' C A, then 
a local observable with respect to S is any operator of the form 


A ® (® jeA \ S I), 

where A acts in We denote the algebra of all local observables on S by O(S). Note 

that, formally speaking, this algebra depends on A, but there is a natural correspondence 
between O(S) for different A, so we use the same notation for them. If A is an observable, then 

(1.1) A(t) := j tHA Ae- itHA 

l 


2 


ILYA KACHKOVSKIY 


is the Heisenberg evolution of A. Again, it depends on A. However, there are certain results 
(such as the following proposition) that hold for all A, in which case we drop the dependence 
on A from the notation. The following is established in [151 [T5|. 

Proposition 1.1. Suppose that {vjfjez is a bounded real sequence. There exist constants 
7], o, C depending only on sup jeZ \vfi, such that for any finite A C Z and any two observables 
A e O(Si), B e 0(S 2 ), S i , S 2 C A, we have 

(1.2) ||[A(f),R]|| ^ C'||A||||H||e- T ' (t, '- dist(Sl ’ 52)) . 

The existence of such bound indicates that, even though the propagation speed of the Heisen¬ 
berg evolution is infinite (local observables may become non-local immediately), one can still 
obtain an exponential bound on the tail that is sufficiently far away. In other words, the 
“physically effective” speed of propagation is still finite, regardless of the potential. Since there 
is always an upper bound, there are three interesting regimes of the transport behavior: the 
possible velocity can be bounded from below, can be made arbitrarily small, or can be made 
zero. The first case corresponds to the ballistic transport, the last case is related to localization, 
and the third case is an intermediate situation called anomalous transport. To describe these 
properties in more detail, let us note that, in a certain sense, the XY spin chain is a completely 
integrablc system. The Jordan-Wigner transform reduces the study of this model to the study 
of the following effective one-particle Hamiltoniaii in / 1 2 (Z), 


(^HeS'f^n fin+l T 'fin —1 T Y jfij• 


We refer the reader to H2H8] for the description of this transformation. We also give some 
additional remarks in Section 6. 

The transport properties of the spin chain are related to those of the effective Hamiltonian. 
The zero-velocity bound is a consequence of dynamical Anderson localization , which corresponds 
to purely point spectrum of the effective Hamiltonian, see, for example, mmn- In the paper 
[9], a system with effective quasiperiodic Fibonacci Hamiltonian was extensively studied, and 
it was established that it displays anomalous transport, where one needs to replace t by t a in 
the exponent of the bound. This corresponds to singular continuous spectrum of H e s. Finally, 
in [8], the case of periodic effective Hamiltonian was studied, and it was established that these 
systems admit lower bound on Lieb-Robinson velocity. This situation corresponds to absolutely 
continuous spectrum. The result of [8] is also proved for anisotropic XY spin chains. 

While the transport properties of Schrodinger operators on Z are studied quite well, not 
all of them translate easily to the XY chain case. The reason is that the Jordan-Wigner 
transformation is not local, and so, the bounds on time-averaged transport exponents are not 
sufficient due to possible spreading of wave packets. The result of [8] for periodic potentials was 
obtained by showing that the lower bound on Lieb-Robinson velocity follows from existence of 
the following strong limit: 


(1.3) 


Q = s-lim — 

* T—H-oo T 


e lHeSt Ae lHeBt dt, 


where (Afi) n = i(fi n+ \ — fi n -i). In this case, in any Lieb-Robinson bound we must have 
D ^ 21| Q | p. Existence of this operators is the strongest form of ballistic transport: it implies 


1 The estimate in [8] has the form 0 ^ ||Q|| because the effective Hamiltonian in their notation is 2 H e g in 

ours. It is convenient for us to have the off-diagonal part of H e g being the usual discrete Laplacian. 
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that all non-averaged lower transport exponents are equal to 1. The relation between Q and 
transport properties was first observed in [T]. 

In the present paper, we study the XY spin chain with quasiperiodic multi-frequency effective 
Hamiltonian 

(H(x)tjf) n = i> n+ i + VVi-i + v(x + na)^ n . 

where a is an irrational frequency vector and v is a continuous function on a d-dimensional 
torus. We show that, under the assumption of L 2 degree 0 reducibility of the corresponding 
Schrodinger cocyclc, there exists a non-trivial bound on possible values of t> in Theorem ll.lt The 
assumptions of the theorem hold in many cases where absolute continuity of the spectrum of 
H e f[ is known: for example, for analytic one-frequency potentials with Diophantine frequencies, 
and for analytic multi-frequency potentials at (perturbatively) small coupling. The results on 
concrete operators are summarized in Corollaries 13.41 and 13.61 

Unlike the case of [8j, we initially only establish existence of the phase-averaged version of Q. 
This implies that the limit (11.31) exists on a subsequence of time scales, which is still enough to 
obtain a velocity bound. The drawback is that it does not imply ballistic transport for H(x), 
but implies one replaced by a phase-averaged version, see Remark 16.41 

We also give an explicit description of the lower bound in terms of the group velocity for the 
effective Hamiltonian: 

2 dE 

0 U ess sup-, 

[o,i] ttcW’ 

where is the derivative of the inverse function of the integrated density of states of H eS . See 
Theorem 13.21 for precise statement. 

In Section 2, we give necessary definitions in order to describe the class of quasiperiodic 
operators we are going to work with. In Section 3, we formulate the main results both in the 
language of the effective Hamiltonian and of the XY spin chain. We also describe several con¬ 
crete classes of operators satisfying our assumptions. In Section 4, we summarize the properties 
of Aubry duality and of Lr degree 0 reducible operators that are relevant for the proof of the 
main results. In Section 5, we prove Theorems 13.11 and 13.21 In Section 6 we explain the main 
steps of translating the language of the effective Hamiltonians to the language of XY spin 
chains and prove Corollary 13.31 

2. L 2 -DEGREE 0 REDUCIBLE QUASIPERIODIC OPERATORS 

The main result will be formulated for an abstract class of quasiperiodic d-frequency opera¬ 
tors. In order to formulate the results, we first need to introduce this class. 

Let v : T d —y R. be a continuous function. We will also consider v as a Z^-periodic continuous 
function on M d . A d-frequency one-dimensional quasiperiodic operator family is a collection of 
operators of the form 

(2.1) (id(x)^)„ = -0 n+ i + V’n-i + v(x + na)i > n , n G Z d , 

where a = (or,..., ad) G M. d is a vector of frequencies, and na = (rear,..., n^a^). We assume 
that the set {1, ay,..., ad} is linearly independent over Q, in which case it is an ergodic operator 
family with respect to the dynamics x K > x + a on T d . The eigenvalue equation 

(2.2) 


?Ai+i + Vu —1 + v(x + na)i/j n = E^ n 
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can be written in the following form involving transfer matrices, 



where 


S v ,e(x) 


fE — v(x) —1\ 

V 1 0 ) 


and the pair (a, S Vj e) is called a Schrodinger cocycle understood as a map (a, S v ^e) ■ T d x C 2 —* 
T d x C 2 given by (a, S Vj e) '■ (x,w) H» (x + a, S v ,e(x) • ui). Replacing S Vj e with A £ SL(2,M) 
gives a dehnition of an SL(2, M)-cocycle. 

For any Borel subset Ad, dehne density of states measure of the set A as 


N{ A) := J(E H{x) (A)8 0 ,5 0 )dx, 

T d 


where E^(A) is the spectral projection of a self-adjoint operator H in Z 2 (Z). The integrated 
density of states is defined as 


N(E) := N((- oo, E)) = N((-oo, E]), E £ I. 

It is known that N(E) = 1 — 2 p(E), where p(E) is the hbered rotation number of the cocyclc 
(a,S V!E (x)). 

We call an operator family (12.ip L 2 -degree 0 redicible if, for almost every E with respect to the 
density of states measure, there exists B(-,E ) £ L 2 (T d ; GL(2, C)) such that | det B(x, E)\ = 1 
and 


(2.3) 
where 

(2.4) 


B{x + a, E)S V} e(x)B(x, E) = A* for a. e. x £ T , 


kb = 


g 2 mp(E) q 

g e -2nip(E) 


3. Main results 

The following is the main result of the paper in terms of the effective quasiperiodic Hamil¬ 
tonian. 

Theorem 3.1. Let H(x) be an L 2 -degree 0 reducible quasiperiodic operator family. Let also 
( Aif) n = i(if n .|-i — ipn- 1)- There exists a full Lebesgue measure subset T 0 C T d and a sequence 
Tk —t +oo as k — » +oo such that 

e iH{x)t Ae -iH{x)t dt ^ Q(x), VX £ T 0 , 
where Q(x) is a bounded operator with trivial kernel for all i6T 0 , and ||Q(a;)|| is constant on 

T 0 . 


i r Tk 

Tk Jo 
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The integrated density of states N(E) is a non-decreasing function of E. The inverse function 
E(N) is defined on [0,1] except maybe for a countable set of points of the form {a 1 Z+.. 
which correspond to gaps in <r(H). We can define E(N) arbitrarily at these points so that the 
resulting function is non-decreasing on [0,1] and hence differentiable almost everywhere on 
[ 0 , 1 ]. 

Theorem 3.2. Under the assumptions of Theorem, 13.11 suppose that the density of states mea¬ 
sure of the family H is absolutely continuous. Then, for almost every x G T d ; 

(3.1) U <9 (a) || = “ ess sup 

71 [o,i] “iV 

Corollary 3.3. Suppose that an isotropic XY spin chain has effective Hamiltonian satisfying 
the assumptions of Theorem 13.11 Then (11 .2(1 can only hold for all A C Z if D ^ 2||Q(a;)||. 

3.1. Concrete classes of operators. Theorems 13.11 HTTSl were formulated under some abstract 
assumptions. However, these assumptions hold for a wide class of operators. 

Corollary 3.4. Let H(x) be a one-frequency (i.e. d = 1) quasiperiodic Schrodinger operator 
(12.ip with v G (^(T), Diophantine frequency a, and purely absolutely continuous spectrum. 
Then the statements of Theorems 13.1113T2T and Corollary 13.31 hold. 

Proof. From the results of m , it follows that the operator family H{x) is analytically reducible 
for Lebesgue almost all energies for which the Lyapunov exponent vanishes. Hence, it satisfies 
the assumptions of mentioned theorems. ■ 

Remark 3.5. In [5], it is shown that if v G (^(T) and a is Diophantine, then there exists 
A 0 (u) > 0 such that the spectrum of H(x) with the potential Xv will be purely absolutely 
continuous for A < A 0 (u). 

Corollary 3.6. Let Hfx) be a multi-frequency quasiperiodic Schrodinger operator family with 
Diophantine frequency vector a and the potential Xv, where v G C w (T d ). There exists A 0 (o, v) > 
0 such that, for X < X 0 (a,v), the statements of Theorems 13.111X21 and Corollary 13.31 hold. 

Proof. In da, it is shown that given v G CH{T) and a fixed Diophantine frequency vector a, 
one can find Ao(ct,u) > 0 such that S\ V) e is analytically reducible for TV-almost every E for 
A < Ao(o,n), from which all the statements follow. ■ 

4. Properties of L 2 -degree 0 reducible operators 

Aubry duality is a relation between spectral properties of H(x ) and the dual Hamiltonian 
H{6) which is the following operator in l 2 (fL d )\ 

(4.1) im = E »-> 'V’m-m' + 2 COS 27t(o ■ 171 + 9)lp m , 

m'EZ d 


v(x) = ^v k e 2nik ' x . 
fee z 


where 
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Denote the corresponding direct integral spaces (for H and H respectively) by 

S}:= Z 2 (Z) dx, f)= / l 2 (Z d ) d6. 

JT d J T 

Consider the unitary operator U \ f) —> f) defined on vector functions 4/ = 4/ (x, n ) as 

(4.2) (W4/)(0, m) = 4>(m, x + a ■ m), 

where 4' denotes the Fourier transform over x G T d —» m G Z d combined with the inverse 

Fourier transform n G Z —> 9 G T. Let also 

/*© /*© 

H:= H(x)dx , H:= H{9)d9. 

Jf d J T 

Aubry duality can be formulated as the following equality of direct integrals. 

( 4 . 3 ) unu~ l = n. 

It is well known (see, for example, m ) that the spectra of H(x) and H{6) coincide for all x, 6. 

We denote then both by E. Moreover, the IDS of the families H and H also coincide.We will 

use the following properties of the fibered rotation number and L 2 -degree 0 reducibility, see 

[13 ] and references therein for more detail. 

(1) The rotation number is a continuous non-increasing function of E. It is locally constant 
on M \ E, where E = a(H(x)) (this set does not depend on x), and its values on 1 \ E 
are |Z-linear combinations of ai,, ad- It maps E onto [0,1/2]. 

(2) Suppose that (I2.3ji holds for some A* for Walmost every E with B continuous in 
x. Then, iV-almost every E , it also holds with A* given by (I2.4[) . In other words, a 
continuously reducible quasiperiodic operator family is automatically degree 0 reducible. 

(3) For almost every 6 e [0,1/2], there exists a unique E e M such that p(E) = 6. Denote 
this E by E{6). For almost every 0 e [0,1/2], the cocycle S Vt E(o) satisfies (12.31) . By 
f(x,9), denote the matrix element (B~ 1 (x, E(9))) n. The function / can be chosen to 
be L 2 -normalized in x and measurable in 6. We assume that from now on. 

(4) Extend f(x,9) to 9 e [—1/2,0] by f(x, —9) := f(x,9), and then extend it with period 
1 to all 6 £ M. Then, for almost every 9, the dual Hamiltonian H(9 ) has purely 
point spectrum with eigenvalues E(9 — k ■ a), k e Z d , and eigenvectors u(9,k) m = 
f(m + k,9 — ka ), where / is the Fourier transform of / over x. We use the convention 
that the lower index m G Z d of the vector enumerates its components, k G enumerates 
different eigenvectors of the same operator, and 9 is the ergodic parameter enumerating 
the operators H{9). 

(5) For almost every 9 , the function d{9) = e 2m0 f(x, 9)f(x — a, 9) — e~ 2m9 f(x , 9)f(x — a, 9) 
is well defined (i.e. does not depend on x almost surely) and non-zero. For these 9, one 
can choose B(x)~ l of the form 

1 ( fix,9) 7M) ^ 

d(9y/ 2 \e~ 2m6 fix — a, 9) e 2md f{x — a, 9)) ' 

In the sequel, we will denote the matrix B{x) obtained for E = E{9) by B{x,9). 
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5. Proofs of Theorems 13.11 and 13.21 

We first need a few auxiliary results. Suppose that A) = Jj d l 2 (Z)dx. We will consider 
bounded decomposable operators of the form TL = H(x) dx, where H(-) is an a. e. uniformly 
bounded measurable family of operators. 

Proposition 5.1. Suppose that TL n = f^ d H n (x) dx is a sequence of bounded decomposable 
operators. Then 

(1) If ||hf n (a;)|| ^ C for a. e. x G T d and all n G N, and H n {x) A H(x) for a. e. x e T d , 
then Ti n A H(x) dx. 

(2) If Tin A u, where TL is a bounded operator on fj d l 2 (Z)dx, then TL is a bounded de¬ 
composable operator, and there exists a subset T 0 C T d of full Lebesgue measure and a 
subsequence { n k } such that H nk (x) A H{x) for x G T 0 . 

(3) TL has trivial kernel if and only if H{x) has trivial kernel for a. e. x G T d . 

Proof. The first claim follows from the dominated convergence theorem applied to the integral 

J II Hn(x)f(x) - H(x)f(x) II dx, 

where f: T d —> l 2 (Z) is an element of f® d l 2 (Z) dx. To prove the second claim, denote by 
efc(-) G fjl 2 (7j)dx the constant vector function x ha 5 k . We have TL n e k (-) A Ttek(-) in 
f® / 2 (Z) dx. Hence, f Jd \\H n (x)ek — H(x)ek\\ 2 dx -A 0. Since L 2 -convergence implies convergence 
in measure, we get that there exists a subsequence such that H ni (x)ek —> H(x)e k for almost 
every x. Applying Cantor diagonal procedure, we can ensure that there exists a set of x of full 
measure and a subsequence that converges on all basis vectors e k . Since this sequence is also 
uniformly bounded, by Banach-Steinhaus theorem, there will be strong operator convergence 
on that subsequence. Third claim is well known. ■ 


Lemma 5.2. Let A be a bounded operator and H be a bounded self-adjoint operator with purely 
point spectrum. Let {A^} be the distinct eigenvalues of H, and Pi = be the projection 

onto the corresponding eigenspace. Then 

i rT 


s-lim — 

T—>+oo T 


e iHt Ae~ iHt dt = J2 p i A Pi- 


The right hand side can be considered as the “diagonal part” of A with respect to the 
eigenspaces of J. 

Proof. The left hand side is uniformly bounded in T. Due to Banach-Steinhaus theorem, it is 
sufficient to check the convergence on the eigenvectors of H. Let Ay be the eigenvectors of H , 
Jifij = A;A,j) where j enumerates different eigenvectors from the same eigenspace. We have 


1 

T 


[ e lHt Ae lHt dt jjij = ^2 ^ f e i(A " Ai)t dt(Aif hj , A',fc)A',fc = 

J o „ 1 Jo 


— PiAPiifij + EE 


l',k 


V^l k 


Ti{\ v - A,) 


-(Aifij, A'aOA'a- = 
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— PiAPi^ij + 


£ 


e i(A,/-A i )T/2 


sin((A v - A;)T/2) 
(V - A,)T/2 


PvMij- 


To show that the last sum converges to 0, note that the terms are mutually orthogonal, and 
II Pi'A'ijjij || 2 ^ ||A0;j|| 2 . Hence, given e > 0, there exists N such that the sum over V > N 
is norm bounded by e for all T > 0. The sum over l' < N has finite number of terms each of 
which goes to 0 as T —> +oo. ■ 


Lemma 5.3. Under the assumptions of Theorem, 13.11 let H(9) be the dual operator family. Let 
also (H(0)'0) n = 2sin(27r(na + 9))i/) n . Then, for almost every 9 e T, there exists a strong limit 

Q{9) = s-lim - [ e i5{9)t A(9)e~ i5(9)t dt , 

T^oo T J o 

Q{9) has trivial kernel for almost every 9 e T. 


Proof. Suppose that 9 is chosen to fulfill Properties 3-5 from the previous subsection. Then 
the operator H{9) has purely point spectrum, and the convergence is established by Lemma 
o We only need to show that ker Q{9) = {0}. The operator Q{9) is diagonal in the basis 
u{9 , k ) of eigenvectors of H(9). Let us compute its diagonal entries, that is, 

(5.1) Q{9)u{9, k) = < 2 sin(27r(m • a + 9))\u(9, k) m \ 2 > u{9, k), k G Z d , 

VmSZ 1 * J 


where u(9, k) m = f(m + k,9 — ka) are normalized eigenvectors of H(9). We need to show that 
none of the diagonal entries (i.e. sums in curly brackets) are zero. Let us first take k = 0, and 
denote u{9) m = u{9 , 0) m . Then 

^2 2 sin(27r(m • a + 9))\u(9) m \ 2 = 2 Im ^ e 2 ^( m ' a+0 )/(m, 9)f{m,9) 


= 2 Im j e 2m9 f(x + a, 9)f(x, 9) dx 

Jfd 

= j {e 2 ™ e f(x + a, 9)J{^9) - e~ 2ni9 f(x + a, 9)f(x, 0)} dx = d{9) ± 0 

for almost every 9 by Property 5. The case k ^ 0 is obtained by replacing 9 with 9 + k ■ a. The 
set of 9 such that the last quantity is non-zero for all k £ Z has full measure as a countable 
intersection of full measure sets. ■ 

Remark 5.4. From the proof, it is easy to see that ||Q(6 I )|| = || Q{9 + k ■ a) ||, and that it is a 
measurable function of 9. Hence, ||Q(0)|| i s almost surely constant in 9. 

Proof of Theorem 13.11 Let U be the duality operator (14.21) . We have 

U[ e iH{x)t Ae~ iH{ - x)t dx] W 1 = / e iM(9)t A(9)e~ iii{9)t d9. 

\JT d J J T 
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Since the operators H{9) have purely point spectra for almost all 9 , Lemma 15.31 arid Proposition 
15.11 imply that the Cesaro averages of the right hand side converge to a bounded operator with 
non-zero kernel which we will denote by Q. Hence, 

"T c r® __ 

e iH(x)t Ae -iH(x)t dx I dt 4 Q = U~ X QU. 


1 

T 


I T d 


By Proposition 15.11 Q is decomposable, and so Q = f® Q(x) dx , where Q(x) has trivial kernel 
for almost every x. Existence of a subsequence follows from Proposition 15.11 and the fact that 
||Q(a:)|| is almost surely constant follows from the fact that Q{x + a) is unitary equivalent to 
Q(x). ■ 

Proof of Theorem 13. 21 The argument is fairly standard, and was used (with (15.41) obtained), 
for example, in [4] for the case of analytically reducible cocycles. For almost every 9, we can 
consider 


(5.2) 


B(x, 9) = 


fix, 9) 


fix, 9) 


|d( 6»)| 1 / 2 \e 2md f(x — a,9 ) e 2nld f(x — a, 9) J ’ 


where d{9) = e 2me f(x, 9)f(x — a, 9) — e 2ni6 f(x, 9)f(x — a, 9) does not depend on x. We have 

0 2ni6 q 


and det B(x,9) = ±i. Take J := =f4 


B(x + a, 9 )S v< e(x)B(x, 9) = 

1 1 


0 


0 — 2ni0 I 5 


V 2 


SL(2,R). We have 


-i i 


Dehne the new matrix B(x,9) := JB(x,9 ) G 


t“»/ n\ m ( \ / n\ — ^ / COS 9 — Sill 6 . 

B(x + a,9)S v , E (x)B(x,9) = ( gin0 cosQ I =■ Re- 


From the proof of Lemma [5.31 and (15.21) . it follows that, for almost all 9, 

(5.3) 

4 4 

||g(d)|| = sup I d(9 + ka) \ = sup = sup ~ — , . ll9 , , 

fcez fcez J T d \\B(x, 9 + ka) 1 || HS dx kez f Td \\B(x, 9 + /ca)||| s dx 

where HS denotes the Hilbert-Schmidt norm; note that B and B~ l have the same norms. 
We now need to recall some results from Kotani theory, see, for example, [7]. The formula 


(5.4) 


dN 


dE 27r J T d Im m(E, x) 


dx 


is valid for almost every E for which 7 (E) = 0. Here m is the m-function, or a measurable 
invariant section of the hyperbolic action of S V! e(x) with the properties 

I 111 m(E, x) > 0, m(E, x + a) = S v> e(x) ■ m(E, x), 

where denotes the hyperbolic action of an SL(2, R)-matrix on the upper half plane, that is, 


a b 
c d 


z = 


az + b 
cz + d 
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Note that L 2 -reducibility of S V) e implies that 7 (E) = 0. Since we assume that N is ab¬ 
solutely continuous, Kotani’s formula is valid for almost every E with respect to N. If 
C(x + o)S V) e{x)C{x)~ 1 G SO(2, R) with some C G SL(2, R), then one can check that 


(5.5) 


II^)IIhs = 


+ 


Irn C(x) 1 • i Im C(x + a) 1 • i 


Kotani’s theory also implies that, for Lebesgue almost every E with 7 (E) = 0 (which, in our 
notation, would also be for almost every 9), there exists C(-,0) G L 2 (T d , SL(2, R)) such that 

C(x + a, 9)S V} e{x)C(x , 9)~ l G SO(2, R), C(x, 9)~ l ■ i = m(x, E). 


We claim that, even though our matrix B may be different from C, we also have B(x,6) 1 -i = 
m(x,E). Indeed, take u(x) := B(x J 9)C(x,9)~ 1 ■ i. We have Re ■ u{x) = u{x + a). The set 

of x G T d such that u(x) — i has either zero or full measure (since Re preserves i). Assume 

that it has zero measure and take w(x) = A simple computation shows that w(x) 

is a measurable unitary function satisfying e 27ri9 w(x) = w(x + a). This is only possible if 
9 G ol\L + ... + Z. If we exclude these 9, we can assume that u(x) = i for almost every x, 

and hence B(x, 0 ) _1 • i = m(x, E). This implies that 


From (15.31) . we obtain that 


dN 

1e 



\\B(x,9)\\ 2 ns dx. 


\\Qm 


1 

sup — 



E=E(6+ka) 


1 dE 


ess sup — 


[ 0 , 1 ] 


7T dN 


for almost every 9. 


6. Proof of Corollary 13.31 
Corollary 13.31 follows from the following result. 

Theorem 6.1. Suppose that an isotropic XY spin chain satisfies the assumptions of Theorem 
o and, for some real sequence Tk —> +00, 

(6.1) — e iHeSt Ae~ iHeSt dt A Q. 

Tk Jo 

Then, (II.2[) can only hold for all A C Z if 0 ^ 2||Q||. 

This result was essentially proved in [ 8 j with two minor differences. The first one is that 
we only assume that the limit exists on a subsequence. This difference is really minor and 
it can be easily traced that the proof remains the same. The other difference is that we only 
consider isotropic spin chains, in which case the effective Hamiltonian decouples. This simplifies 
some computations, and we choose to include some proofs in order to keep the text more self- 
contained. 
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Proposition 6.2. [Sj Under the assumptions of Theorem, 16.4L for any e > 0 there exists k(e) G 
N and constants C{e), L(e) such that for any k ^ K(e) one can find l,r G Z with |Z| ^ iX(e) 
and 

(HQH -e)T k ^ |r| ^ (\\Q\\ + e)T k 

such that 

|(<5 r , e~ iTkHeS 8i)\ 2 > 

J-k 

Proof. Let v = ||Q||. Without loss of generality, one can assume that X[v-e/2,v\{Q) 7 ^ 0- There 
exists 1 G Z, U iL(e), such that x\v-e/2,v](Q)&i 7 ^ 0 . Let us now relate the operator Q with 
transport properties. Denote by X the position operator in Z 2 (Z), 

[Xuf) n nu n , 


defined on the natural domain. The operator Q is related with the Heisenberg evolution of A". 
We have DomX(T) = Dorn A, and 

X(T)u = Xu + [ A{t)udt = Xu + [ e iHt Ae~ iHt dt, u G DomX. 

Jo Jo 


where 

A = i[X, H], (Aif>) n = -iif n -1 + iif n +1 - 

We have jrX{T k )u -A Qu for any u G DomX as k —* oo. This implies that the sequence 
~X(Tk ) converges to Q in the strong resolvent sense, see Theorem VIII.25 from [IS] . Let tp be 
a continuous non-negative function equal to 1 on [v — e/2,v] and vanishing outside [v — £,v + e\. 
Due to Theorem VIII.20 from [IS], we have 


<P 



u-> <p(Q) u, 


Vu G DomX, 


and so 

bm(«),ii(^)l(X(Ii))4|| > \\ V (X(T k )IT k )6,\\ 

for sufficiently large k. The indicator function in the left hand side is simply the sum of 
projections onto S r with r G [T k (v — e), T k (v + e)]. Hence, 


re[T k (v-e),T k (v- |-e)] 


and so, for some r G [T k (v 


e), T k (v + e)], we have 


\(S r ,e- iTkH Si)\ 2 ^ 


C 

2 sT k + 1 




A ■ 

T k 


Let us now consider the XY spin chain on A 
observables 


[m, n] D Z, and construct the following 



Let also H^ s := 


Cm • O'm-i Cm+j • ffinVm+1 ■ ■ ■ ^m+j— ffim+j j 1 ^ j ^ Tl TYl. 
H e s\[ mn ] be the restriction of the original operator onto [m,n] fl Z. 
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Proposition 6.3. Let m ^ l ^ r ^ n. Then 

iMt),a;]\\^\(e- 2itH ^5 h 6 r ^ 

Proof. It was shown in [12] that, if C A = (c m ,..., c n ) T , then 

C A (t) = e~ 2itH ° s C K . 

Consider the following special state 



A simple application of commutation relations between q and a* shows that 

\Mt),a* r }\\ > \[ Cl (t),a* r ]u A \ = \(e~ 2UH ^S h S r )\, 
which completes the proof. ■ 


Proof of Theorem 6.1. Suppose that Lieb-Robinson bound holds with the velocity 0. Fix 
some e > 0 and obtain l,r from Proposition 16.21 Dne to Proposition 16.31 with t = 7)./2 and 
because of Lieb-Robinson bound, we have 

|(e-^ H -M r )l ^ ||[ci(t)X]|| ^ Ce~* l r - , l- #Tfc / 2 ). 

This inequality must hold for all A C Z, and hence (after taking strong limit) we have the 
following for H eS if k ^ K(e)\ 

^ ^ \(e~ iTkHefc Si,5 r )\ ^ (7 ie _7 ?il r_/ l _DT fc/ 2 ) ^ (J ie ~ r l({\\Q\\-£)Tk-L{£)-l-vT k /2)' 

V^k 

This inequality must hold for arbitrarily large fc, which is only possible if 0 ^ 2(||Q|| — e). Since 
£ is arbitrary, this completes the proof. ■ 


Remark 6.4. The (non-averaged) lower transport exponent is defined as 


A/>) 


mwWM. 

T->+oo p log t 


One can show that, under the assumptions of Theorem , we have 


lip inf tL (\ x ( T kM,ip) > (| Q\ p tf,^) > 0 , 

/c r oo _L 


for any if ^ 0 with finite support. If the limit (16.ip existed as T —> oo (not on a subsequence), 
one would be able to show that (3f(p ) = 1 for any p > 0. In the case of quasiperiodic operators 
as in Theorem 13.11 one can show that 


( 6 . 2 ) 


Ijmmf- / (\X(T,x)\ r ip,'ip) dx ^ {\Q(x)\ v 4i,ip) > 0, 


T d 


T d 


where X(T,x) = e lTH ^Xe lTH ( x ). Since x is the ergodic parameter, (16.2p can be understood 
as presence of ballistic transport in expectation. 
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